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Abstract 
In this paper, a process is taken to select probabilistic models for liquefaction/cyclic softening potential evaluation 
based on case histories with piezocone penetration test (CPTu) data.  Emphasis of the paper is placed on establishing 
a relationship between the probability of liquefaction/cyclic softening and the safety factor determined with a recently 
developed deterministic CPTu-based model. The significance of the developed probabilistic model lies in the fact that 
the model is applicable to both sand-like and clay-like soils, which is ideal as a stand-alone tool for evaluating 
liquefaction and cyclic softening potential.  Furthermore, the developed model is shown to hold advantages over 
existing CPT-based methods.  Examples for applying the proposed CPTu-based models to characterize the 
liquefaction/cyclic softening potential at a given site are provided.  
Keywords: Model selection; In situ testing; Liquefaction; Clays; Sands.  
1. INTRODUCTION
In this paper the model selection analysis of a liquefaction database is carried out to develop 
probabilistic models for liquefaction potential evaluation using piezocone penetration test (CPTu). The 
objective is to develop a mapping function that relates the probability of liquefaction (PL) to the factor of 
safety (FS) against the occurrence of liquefaction that is computed with a recently developed CPTu-based 
model (Juang et al. 2008).  This paper is a natural extension of the CPTu-based model by Juang et al. 
(2008), which is a deterministic model that yields FS as a measure of liquefaction potential, into a 
probabilistic model that provides a complementary measure of liquefaction potential in the form of PL.
The CPTu-based probabilistic model developed in this paper is considered significant because like its 
deterministic counterpart, the model is applicable to both sand-like and clay-like soils. In fact, the 
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significance of this new probabilistic model stems mostly from the significance of the deterministic 
CPTu-based model by Juang et al. (2008).  To this end, the significance of this CPTu-based model is 
further elaborated in this paper.  
Generally speaking, the framework of the analysis with the simplified procedure consists of the 
evaluation of the seismic loading, in the form of cyclic stress ratio (CSR), and the soil resistance against 
liquefaction, in the form of cyclic resistance ratio (CRR). The present study focuses on the use of 
piezocone penetration tests (CPTu), and thusly, only the cone penetration-based evaluation models are 
discussed hereinafter.   It should be noted that early work on soil liquefaction focused on sand-like soils. 
Liquefaction in sand-like soils that are subjected to earthquake shaking is well observed in the field and 
can be adequately analyzed with the traditional simplified procedures (Youd et al. 2001). Conversely, for 
clay-like soils, significant strength losses and ground deformations in an earthquake have also been 
reported.  Furthermore, recent studies indicated that for soils with high fines content (FC), the 
liquefaction susceptibility or cyclic softening depends mostly on soil plasticity and not necessarily on FC.  
Boulanger and Idriss (2007) and Bray and Sancio (2006) suggested that the plasticity index (PI) may be 
used as an index for distinguishing sand-like soils from clay-like soils. While use of the PI-based criteria 
is appropriate, it necessitates soil sampling and laboratory testing, an additional procedure that is not 
within the capability of CPT testing. In practice, it would be desirable to have a “unified” CPTu-based 
model that can evaluate both liquefaction (mostly in sand-like soils) and cyclic softening (in clay-like 
soils) within the same framework of the simplified procedures.  In this regard, it is noted that the CPTu-
based model developed by Juang et al. (2008) is capable of assessing the liquefaction or cyclic softening 
resistance of both sand-like and clay-like soils.  
2. DETERMINISTIC CPTU-BASED MODEL AND ITS SIGNIFICANCE 
In the original formulation by Juang et al. (2008), CRR is presented as a function of two derived CPTu 
parameters, the “adjusted” cone tip resistance qt1N (as defined by Idriss and Boulanger 2006) and the soil 
behavior type index Ic (as defined by Been and Jefferies 1992).  The CPTu-based model (Juang et al., 
2008) was developed based on artificial neural network’s “learning” of a database of liquefaction/no-
liquefaction cases.  The development of this model has been documented in Juang et al. (2008) and not 
repeated herein.  The database, consisting of 190 liquefied cases and 123 non-liquefied cases, was 
compiled from five sources (Moss et al. 2006, Ku et al. 2004, Lai et al. 2004, Bray et al. 2004, and PEER 
2007). There is a good mixed of sand-like and clay-like soils in the database. The assessment of whether 
liquefaction occurred or not was primarily based on surface manifestation, such as sand boils, ground 
settlement, and lateral spreading (or lack of), and in some cases, critical layers were identified by field 
observations supplemented with detailed dynamic finite element analyses.  
In the present study, a modification is made, in which the parameter qt1N defined by Robertson (2009), 
in lieu of Idriss and Boulanger (2006), is adopted. Unlike the one defined by Idriss and Boulanger (2006), 
the qt1N defined by Robertson (2009) does not requires use of an iterative process and applicable to a 
wider range of soil types.  With this modification, the new CRR model becomes:  
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This CRR model is a function of qt1N and Ic, which collectively are a function of all three CPT 
measurements, cone tip resistance (qt), sleeve friction (fs), and penetration pore pressure (u2). The 
proposed CRR model (Eq. 1) is applicable to both sand-like and clay-like soils for assessing 
liquefaction/cyclic softening potential. This is the most significant aspect of this unified CPTu-based 
model.  
For the convenience of formulating the probabilistic model, the proposed CRR model (Eq. 1) is 
presented in an alternative form: 
   0.0932* *CRR 0.05 exp (1.51) / 100 14.7 11.13 / 100  t1N t1Nq qª º   « »¬ ¼  (3) 
where q*t1N is the equivalent cone tip resistance, defined as: q
*
t1N = K  qt1N.  The converting factor K is 
computed as:  
 
2
2 3 41.5946 1.6244 0.381 6.3204 0.6514 7.2131 4.1299 0.5905c c c c c c
I I I I I I
t1NK q e
        (4) 
Although Eq. (3) is not necessarily a preferred form of the proposed model, this equation makes it 
easier to formulate the maximum likelihood analysis that is presented next. 
3. METHODOLOGY FOR DEVELOPING PLFS RELATIONSHIP 
Let us denote the adopted database as D=^CSR(i),q(i)t1N ,I(i)C ,L(i)|i=1,},313`. For the ith data point, L(i)
is an indicator of liquefaction: L(i) = 1 for liquefied case; otherwise, L(i) = 0. The subsets for the non-
liquefied and liquefied cases are represented by   D1=^CSR(i),q(i)t1N,I(i)C ,L(i)|i=1,},123` and 
D1=^CSR(j),q(j)t1N,I(j)C ,L(j)|i=1,},123` , respectively.  
The goal of the probabilistic analysis is to express the probability of liquefaction as a function of the 
safety factor of liquefaction. The latter is denoted by  
 1 ,t N c
S
CRR q I
F
CSR
  (5) 
Thus, CRR(qt1N, Ic) is the CRR that is determined using Eq. (1) with the two input variables, qt1N and Ic.
Likewise, the CRR that is computed using Eq. (3) with q*t1N as its input parameter is denoted as 
CRR(q*t1N).  
Let S be the safety ratio (note: in a deterministic assessment where Z = 1, this would be the same as 
the factor of safety) so that S < 1 means the occurrence of liquefaction or cyclic softening:  
   
*
1
,
t NCRR q
S Z
CSR Z
T  

 (6) 
where Z characterizes the modeling error of the safety ratio. Further, let the cumulative distribution 
function (CDF) of Z be Fb,G, where b is the mean value of Z, serving as the bias factor for the ratio 
CRR/CSR; G=G(T,a) is the coefficient of variation of Z, where a  is the unknown coefficient that 
characterizes the G=G(T,a) function.  The unknown coefficients a  and b may be estimated based on the 
database D.
With the safety ratio being defined as per Eq. (6), the liquefaction probability can be expressed as 
follows: 
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where kDQGEѢ  are the best estimates for the unknown coefficients a and b based on the database D.  It 
is then clear that the liquefaction probability (PL) can be expressed as the following function of FS:
     ˆ ˆ, ,1 1L Sb aP P L F FG T{     (8) 
To determine the coefficients a and b  with the principle of the maximum likelihood, the likelihood 
function L(a,b| D) is first expressed as:  
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Then, by maximizing the term,log^L(a,b|D)`, the best estimates, (DѢ Ҁ EѢ , for the unknown coefficients  a
and b  can be obtained.   
To derive the best PLFS relationship, the following cumulative distribution functions (CDFs) are 
examined: (a) lognormal; (b) Gaussian; (c) minimum Gumbel; and (d) maximum Gumbel. Finally, the 
form or model of the coefficient of variation of Z, namely, G=G(T,a), can be a significant factor affecting 
the results of the maximum likelihood analysis.  Although a constant G is often assumed, four models are 
examined in this study: (a) M1: G=G(T,a)=a1; (b) M2: G=G(T,a)=a1 +a2q*t1N; (c) M3: G=G(T,a)=a1 +a2 CSR;
and (d) M4: G=G(T,a)=a1 +a2 q*t1N  + a3 CSR.
4. RESULTS OF THE MAXIMUM LIKELIHOOD ANALYSIS 
For each of the 16 combinations of the assumed distribution type and model for the COV of Z, the 
maximum likelihood analysis of the database D can be performed.  As an example, the analysis is 
conducted with the assumption that the variable Z follows the “Minimum Gumbel” distribution and the 
assumption that the COV of Z follows the model designated as M2 (i.e., COV is a linear function of q
*
t1N).
For convenience of the presentation, this combination is referred to herein as the “Minimum Gumbel + 
M2” model.  With this model and the best estimates of (DѢ ҀEѢ , Eq. (8) can be re-written as:  
   * *
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By definition, the term CRR(q*t1N)/CSR is the factor of safety FS.  Thus, the probability PL is related to 
FS in this equation.  Furthermore, PL is also seen here as a function of two derived parameters q
*
t1N and 
CSR.  Likewise, use of any of the other 15 combinations of assumptions in the maximum likelihood 
analysis yields a similar equation each with different form and coefficients.   
The Bayesian Information Criterion BIC (Schwarz 1978) is used to compare the results of the analysis 
using the 16 models or combinations of assumptions to determine the most suitable model.  The BIC 
score is computed as follows:  
   ^ `  ˆˆlog , | , log2ii i
d
BIC M L a b D M N   (11) 
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where N is the total number of data points (N = 313 in this case).  In BIC measures, higher score 
indicates better statistical model relevant to the database used.  The BIC score has a special meaning: it is 
the logarithm of the plausibility of the chosen model.  Another way to interpret the BIC score is by means 
of “model plausibility score” S, defined as follows:  
exp[ ( )]
( )
exp[ ( )]
i
i
i
BIC M
S M
BIC M
 
¦
 (12) 
where S(Mi) is the plausibility score of a model Mi.  Among the 16 models, the one with the highest 
plausibility score is the most suitable model with respect to the data set D.
Table 1 lists the BIC and S scores computed for all models examined in this study.  Among the 16 
models examined, the “Minimum Gumbel + M2” model is seen to the best model: BIC scores are clearly 
the highest; and its S score exceeds 0.8, while all other models have S score of less than 0.1.  Thus, the 
PLFS empirical relationship developed with this model, expressed in Eq. (10), is the most consistent with 
the database D and can be used for computing the probability of liquefaction. 
The developed probability model (Eq. 10) can be used to construct the traditional probability curves 
(contours), as shown in Figure 1.  For comparison, the deterministic CPTu boundary curve (Eq. 3) is also 
shown in this figure.  As shown in Figure 1, the deterministic CPTu boundary curve is seen to correspond 
to a probability of about 0.3, indicating the proposed CPTu model is generally conservative in a 
deterministic solution. Note that probability contours in Figure 1 show a desirable feature: the contour 
value spreads out near the zone of higher CSR and q*t1N, indicating the uncertainty is larger near this zone 
due to the lack of liquefied data points in this zone, which is well recognized among the students of the 
simplified procedures.  This cannot be achieved with a constant G(T,a) model (i.e. M1).  
Table 1. BIC and model plausibility scores computed for various models 
Z distribution COV Model d Log likelihood BIC Model 
Lognormal 
M1 1 2 -110.13 -115.88  0.00018 
M2 2 3 -110.02 -118.64  0.00001 
M3 3 3 -103.08 -111.70  0.01180 
M4 4 4 -102.79 -114.28  0.00089 
Gaussian
M1 5 2 -106.98 -112.73  0.00421 
M2 6 3 -101.68 -110.30  0.04770 
M3 7 3 -104.38 -113.00  0.00321 
M4 8 4 -100.49 -111.98  0.00887 
Gumbel minimum 
M1 9 2 -108.9 -114.65  0.00062 
M2 10 3 -98.78 -107.40  0.86700 
M3 11 3 -106.77 -115.39  0.00029 
M4 12 4 -98.72 -110.21  0.05200 
Gumbel maximum 
M1 13 2 -107.81 -113.56  0.00184 
M2 14 3 -107.76 -116.38  0.00011 
M3 15 3 -105.58 -114.20  0.00096 
M4 16 4 -105.34 -116.83  0.00007 
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5. COMPARISON WITH EXISTING MODELS 
In this section, the probabilistic CPTu-based model (Eq. 10) is compared with the Moss et al. (2006) 
model.  As noted previously, for sand-like soils these models yield results that are generally comparable 
with each other.  Thus, the focus of the comparison is on the performance of fine-grained soils observed 
at Adapazari in the 1999 Kocaeli, Turkey Earthquake. These soils may be susceptible to 
liquefaction/cyclic softening that is capable of producing observable ground failure.  
Figure 2 shows the CPTu sounding profile, borehole data, and results of the analysis at site J at 
Adapazari, Turkey (Bray et al., 2004) using two probabilistic models (Moss and CPTu developed in this 
paper).  The source data are taken from those reported by Bray et al. (2004), and the critical layer is 
determined by Bray et al. (2004) based on field observations and confirmed with the results of laboratory 
testing and finite element numerical simulation.  In the critical layer, the factor of safety FS computed 
with CPTu, shown in Figure 2(f), is much less than 1.0, which agrees with field observations.  In the same 
critical layer, the CPTu model yields liquefaction probabilities PL | 1.0 (see Figure 2(h)), which also 
agrees well with field observations.  The Moss model also yields liquefaction probabilities PL | 1.0 
(labeled with “B” in Figure 2(i)), which is as good as the CPTu model.  However, the Moss model almost 
always yields PL | 1.0 for clay-like soils, as evidenced by the results for the sub-layers labeled as “D” 
and “G” in Figure 2(i).  This is expected as the Moss model is also developed mainly for sand-like soils, 
and thus may not be applicable for evaluating cyclic softening potential of clay-like soils.  
Figure 1.  Probability contours with the deterministic boundary curve 
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Figure 2. CPTu sounding profile, SPT borehole data, and results of the liquefaction analysis at site J at Adapazari, Turkey (Source 
data from Bray et al., 2004) 
In the sub-layer labeled with “C” (Figure 2g), the soils again are considered too clay-rich to liquefied; 
in contrast, the Moss model yields PL | 1.0 throughout the layer (labeled as “D” in Figure 2(i)), while the 
CPTu model yields varying PL values in this layer, indicating that it can distinguish the soils that are 
susceptible to cyclic softening from those that are not.    
In the sub-layer labeled as “E” in Figure 2(g), which consists mostly of sand-like soils, all the results, 
PL | 0 from both Moss model and CPTu-P model.  This agrees with previous observation that for sand-
like soils, these models yield results that are generally comparable with each other.  
Based on the above discussion, the CPTu-based model yields more reasonable results than its 
counterpart (the Moss model), especially for clay-like soils.  However, this comparison may not be 
exactly fair, as the Moss model is intended for assessing liquefaction potential of sand-like soils.  
Nevertheless, the results highlight the fact that the CPTu-based model presented in this paper is a unified 
model that is applicable to both sand-like and clay-like soils.  This viewpoint is further examined using 
the data shown in Table 2. Table 2 lists the data screened from the source SPT/CPTu profiles reported by 
Bray et al. (2004). Based on the borehole data, the susceptibility of the soils to liquefaction/cyclic 
softening is evaluated using the criteria established by Bray and Sancio (2006), and the results are shown 
under the column labeled as “Remark.”  The susceptibility to liquefaction or cyclic softening is classed 
into three levels: “Susceptible” (S), “Moderately susceptible” (M), and “Not susceptiable” (N).  
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Additionally, if the soil of concern is located in the critical layer in the 1999 event, as determined by Bray 
et al. (2004), it is indicated with “C” in the “Remark” column. 
Table 2.  Effective data screened from side-by-side SPT/CPT profiles (Bray et al. 2004) and results of liquefaction/cyclic softening
potential analysis 
Site Depth USCS FC qt fs u2 FS PL PL Remark* 
I-S1-C2 4.58 ML 89 1.68 14.3 -67.1 0.17ġ 0.997ġ 1.0ġ M, C 
A-S1-C3 4.65 CL-ML 74 1.37 23.4 -31.7 0.27ġ 0.921ġ 1.0 S, C 
J-S1-C2 1.7 CL 97 0.68 8.1 6.8 0.18ġ 0.995ġ 1.0 S, C 
G-S1-C3 3.62 ML 95 0.47 7.1 -13.6 0.20ġ 0.976ġ 1.0 S 
A-S2-C1 2.3 ML 86 0.47 9.2 4.5 0.30ġ 0.904ġ 1.0 S 
H-S1-C2 3.69 ML 95 0.68 17.3 -9.0 0.60ġ 0.630ġ 1.0 M 
A-S1-C3 3.85 CL 87 0.74 20.4 33.2 0.71ġ 0.512ġ 1.0 N 
K-S1-C2 1.53 CL 99 0.63 17.4 22.2 0.71ġ 0.528ġ 1.0 N 
A-S2-C1 3.1 CH/MH 100 0.79 26.5 -30.1 1.15ġ 0.245ġ 1.0 N 
K-S1-C2 5.03 CL 98 0.79 25.5 -34.0 1.04ġ 0.303ġ 1.0 N 
C-S5-C2 3.11 CH 99 0.74 24.4 80.7 1.51ġ 0.098ġ 1.0 N 
J-S2-C4 4.51 CH 99 0.84 34.6 -62.6 2.30ġ 0.012ġ 0.997 N
A-S1-C3 3.05 CH 100 0.68 29.5 -24.9 2.33ġ 0.009ġ 0.992 N
C-S3-C4 2.9 CL 99 0.74 34.6 -12.1 4.31ġ 0.000ġ 0.911 N
H-S1-C2 1.79 CL 97 0.42 20.4 -24.9 2.49ġ 0.000ġ 0.668 N
* S: Susceptible to liquefaction; M: Moderately susceptible; N: Not susceptible; C: Critical layer. 
** NA: Not applicable (too clay-rich to liquefy). 
For the case designated as I-S1-C2 (Table 2), the USCS classification by Bray et al. (2004) yields “ML.”  
However, the CPT classification indicates “sand-like” soil, located in the critical layer.  The PL values 
computed with the Moss model and the CPTu-P model are approximately equal to 1.0.  These results are 
all consistent with field observations, confirming the previous assertion that for sand-like soils, these 
models yield results that are generally comparable with each other. 
For the other 14 cases, the FS values computed by Eq. 5 are generally consistent with the descriptions 
under the “Remark” column; all but two cases (A-S1-C3 and K-S1-C2) that are susceptible or moderately 
susceptible have FS values of less than 1; and for these two cases (A-S1-C3 and K-S1-C2) that are 
deemed “Not susceptible,” the computed probability of liquefaction/cyclic softening are 0.512 and 0.528, 
respectively.  Thus, the computed FS are considered quite satisfactory even in these two cases.  For the 
other seven “Not susceptible” cases, the computed FS > 1 and the CPTu model yields fairly small 
probabilities. The PL obtained with the Moss model for all clay-like soils, except the case designated as H-
S1-C2, are all close to 1.  This indicates that the Moss model is not capable of distinguishing the soils that 
are susceptible to cyclic softening from those that are not.  
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